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Preface
The estimation of epidemiological indices plays an important role in epidemiological investigations. One aim of this book is to provide biostatisticians,
epidemiologists, and medical researchers with a useful resource on the different estimators of the most commonly used measures of risk in a variety of designs.
Through a systematic presentation and discussion, it is hoped that the reader will
appreciate better the use and limitations of, and the relationships among, these
indices. Because the material in each chapter is generally self-contained, readers
may choose chapters according to their own interests without the need to read
through all the preceding chapters. This may increase the utility of the book,
although I must admit that some deﬁnitions are repeated between chapters to
avoid ambiguities in the formulae.
This book is intended for postgraduates and researchers who have one year
of training in biostatistics and possess some basic knowledge of epidemiological terms, such as prevalence, risk difference, odds ratio, relative risk, and
attributable risk. It is also intended for students of biostatistics and epidemiology as a one-semester graduate course, focusing on statistical estimation of
risk in epidemiology. Because research on estimation of epidemiological risk has
been quite intensive in the last two decades, to provide readers with up-to-date
information I have included many recently developed estimators and relevant
references. Thus, this book may also be used as a desk reference for established
researchers. Although the book is mainly directed at biostatisticians and epidemiologists, because measures such as the risk difference, relative difference (or
relative risk reduction), and number needed to treat are often used to report
clinical ﬁndings, the book should be useful for statisticians and clinicians working
in pharmaceutical areas as well.
When the underlying disease is rare, the probability of obtaining only a few or
zero cases in a sample under binomial sampling can be large or non-negligible.
To ensure that a reasonable number of cases are obtained, we may consider
use of inverse sampling, a fact which has not been widely familiar among
practicing biostatisticians or epidemiologists. This may be the ﬁrst book to attempt
to systematically introduce in a uniﬁed manner statistical methods relevant to
xiii

xiv

Preface

inverse sampling in epidemiology. In contrast to binomial sampling, we show
that the bias of estimators for the relative risk or the odds ratio in paired-sample
data can easily be avoided by using inverse sampling. Furthermore, when the
sample size is small, asymptotic interval estimators for the relative difference, the
attributable risk in case–control studies when the underlying disease is rare, or
the odds ratio in paired-sample data may be inappropriate. We note that under
inverse sampling the derivation of exact conﬁdence intervals for these indices is
straightforward. The results and discussions on inverse sampling presented in this
book can provide readers with an alternative way to design their studies.
When the response variable is on an ordinal scale with more than two categories,
the odds ratio is inapplicable without arbitrarily collapsing the data. This book
also includes a chapter (Chapter 6) focusing on the generalized odds ratio. This
measure has an easy interpretation and should be useful for epidemiologists and
clinicians when they wish to provide a quantitative measure of the strength of
association for ordinal data between two comparison groups without assuming
any parametric models.
The attributable risk (AR), representing the proportion of cases that may
be prevented if the underlying risk factor under investigation is completely
eliminated, is probably one of the most important indices for public health
administrators to rank the relative importance of risk factors for intervention.
Although there have been numerous recent publications that focus estimation
on this useful measure in a variety of designs, many textbooks have touched
this topic superﬁcially by considering only the simplest cases in which there
are no confounders. I discuss estimation of the AR from the simplest case – no
confounders under a variety of designs – to the more complicated case with
confounders. I also discuss estimation of the AR for paired-sample data. I further
consider the situation in which the exposure variable has multiple levels, and the
situation in which one applies the logistic regression model to adjust for the effects
of confounding variables in case–control studies. A brief discussion on estimation
of the AR under inverse sampling has also been included. The discussions on
the AR presented in this book should be useful for researchers working in public
health administration by providing relatively complete information on recent
developments.
Upon the request of an anonymous reviewer, I have also included a chapter
that discusses the use of the ‘number needed to treat’ (NNT). Because it can
be easily understood by clinicians, this index has frequently been employed in
randomized trials and evidence-based medicine. However, it has been subject to
criticism by statisticians due to misuse and misunderstanding. For example, there
are published papers that report the union of two disjoint open intervals as a
conﬁdence interval for the NNT, or provide a conﬁdence interval that does not
even contain the NNT point estimate. I have tried to present this index in such
a way that these criticisms can be avoided. I sincerely hope that readers ﬁnd the
discussion presented here useful in clarifying the limitations of the NNT and in
computing interval estimators for it.
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1
Population Proportion
or Prevalence
To quantify the impact of a given disease on public health in a community, or
in studying the variation of a disease distribution between geographical regions
to locate the potential causes, we may wish to ﬁrst estimate the prevalence
of the disease, deﬁned as the population proportion of subjects who have it.
In this chapter, we start by discussing the estimation of population prevalence
under the most commonly assumed case – binomial sampling, in which we take
a random sample of n subjects and obtain X cases. For example, to estimate
the prevalence of HIV-infected subjects, we may take a random sample of (n =)
1000 subjects in a local community and obtain (x =) 5 subjects with positive
results from an HIV-antibody test. In practice, however, a complete list of the
sampling population needed to employ binomial sampling may not be available.
We therefore discuss estimation under cluster sampling, in which the sampled
unit is the cluster itself rather than the individual subject. As an example, we
take a random sample of households and estimate the proportion of people who
went to see a doctor in the last 12 months (Cochran, 1977). In this case, the
sampled units are households rather than individuals. Other examples of the use
of cluster sampling include the study of the effect of an educational intervention
program on the use of solar protection among children (Mayer et al., 1997) and
the effect of vitamin A supplementation on child mortality (Herrera et al., 1992).
As noted by Cochran (1977), the estimate of the population prevalence can be
subject to a large relative error when the underlying population prevalence is
small under binomial sampling. Furthermore, when the disease is rare, we may
even obtain 0 cases in the sample. To alleviate these concerns, we discuss the use
of inverse sampling (Haldane, 1945), in which we continue sampling subjects
until we obtain a predetermined number x of cases. For example, we may decide
to sample subjects until we obtain, say, 5 HIV-infected cases when estimating
the prevalence of HIV-infected subjects in a community. In contrast to binomial
sampling, the number of cases x under inverse sampling is ﬁxed, but the total
number of sampled subjects N needed to obtain these x cases is random. Except
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2

Population proportion or prevalence

for speciﬁcally referring to the incidence rate, calculated as the number of events
divided by the number of person-years of follow-up time, we will generally use the
terms probability, proportion, risk, and rate synonymously in this book (Fleiss,
1981). An excellent discussion on explicit deﬁnitions of these terms as used in
epidemiology appears elsewhere (Selvin, 1996).

1.1 BINOMIAL SAMPLING
Suppose that a random sample of size n is taken from a very large population so
that we can reasonably assume that the probability of a randomly selected subject
being a case equals a constant π and the events for each randomly selected subject
of being a case or a non-case are all mutually independent. Let X denote the
random number of cases among these n sampled subjects. The random variable X
then follows the binomial distribution with parameters n and π :
 
n
P(X = x|π ) =
π x (1 − π )n−x ,
(1.1)
x
where x = 0, 1, . . . , n, 0 < π < 1, and π denotes the underlying population
proportion of cases. The most commonly used point estimator of the parameter π
is simply the sample proportion of cases:
π̂ = X/n.

(1.2)

Note that under distribution (1.1), the point estimator π̂ (1.2) has the expectation
E(π̂) = π (i.e., π̂ is an unbiased estimator of the population proportion π ) and
the variance Var(π̂ ) = π(1 − π )/n (Exercise 1.1). In fact, the estimator π̂
is the uniformly minimum variance unbiased estimator (UMVUE) of 
π under
(1.1). By the central limit theorem, the random quantity (π̂ − π )/ Var(π̂)
has the asymptotic standard normal distribution as n → ∞. Thus, by Slutsky’s
theorem (Casella and Berger, 1990), we obtain an asymptotic 100(1 − α) percent
conﬁdence interval for π using Wald’s statistic (Agresti and Coull, 1998),


[max{π̂ − Zα/2 π̂(1 − π̂ )/n, 0}, min{π̂ + Zα/2 π̂(1 − π̂)/n, 1}].
(1.3)
Note that when π̂ = 0 or π̂ = 1, the estimated variance π̂(1 − π̂)/n equals 0.
Obviously, this underestimates the true variance. Therefore, whenever π̂ = 0
or π̂ = 1, we recommend use of π̂ ∗ (1 − π̂ ∗ )/n to estimate the variance, where
π̂ ∗ = (X + 0.5)/(n + 1). Note also that although interval estimator (1.3) is easy to
use, it is well known that when n is not so large that both nπ̂ ≥ 5 and n(1 − π̂ ) ≥ 5
hold, (1.3) is not expected to perform well due to the possibly skewed sampling
distribution of
of (1.3), we consider the probability
 π̂ . To improve the performance
.
2
) = 1 − α as n is large. This leads us to obtain the
P([(π̂ − π )/ Var(π̂)]2 ≤ Zα/2

